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Abstract. The local conformal symmetry is spontaneously broken down to the 
Local Lorentz invariance symmetry through the approach of nonlinear realization. 
The resulting effective Lagrangian, in the unitary gauge, describes a cosmological 
vector field non-minimally coupling to the gravitational field. As a result of the 
Higgs mechanism, the vector field absorbs the dilaton and becomes massive, but 
with an independent energy scale. As dark energy candidate, the phenomenological 
consequences of this Proca type vector field are discussed. The possibility that it 
further triggers Lorentz symmetry violation is also pointed out. 



1. Introduction 



Astronomical observations have shown strong evidence for the existence of the 
dark energy, which is assumed to be smoothly distributed through the universe. It 
accounts for about 70% of the total mass energy of the universe and tends to increase 
the expanding rate of the universe. In practice, the candidate for the dark energy, 
besides the cosmological constant, is usually taken to be a dynamical component 

[!]• 

Recently, a massive vector field as dark energy candidate has been attracted 
much attention [2-5]. There, the dark energy is modeled as a massive cosmologi- 
cal vector field, coupling to the gravity non-minimally and permeating the whole 
universe. The vector field serves as a negative pressure component and causes the 
universes expansion to accelerate. Although the vector field can be regarded as 
an origin for dark energy and drives the inflation of the universe, the origin of the 
vector fleld itself may have different physical motivations. For example, as pointed 
out in Ref . [6] , a vector field was introduced as the requirement of local scale invari- 
ance. However, one may note that, for a realistic physical model, there is no scale 
symmetry. Since at low energy the vacuum is invariant under (local) Lorentz trans- 
formations, it is conceivable that at higher energy matter might transform under a 
larger spacetime group, such as the scale invariance which is possible to be restored 
at high temperatures. Therefore, if the scale symmetry is realized in nature, if must 
be a broken one. 

On the other hand, it is instructive to consider a larger symmetry breaking. 
Motivated by the proposition that it is possible for a vector particle to acquire 
mass due to the breaking of the conformal invariance [2], we consider the case 
that the full symmetry represented by the conformal group, which contains the 
Lorentz group as a subgroup. Since the breaking mechanism which maintains the 
preponderance of the dynamical constraints of the symmetry and hence is both 
theoretically and phenomenologically most attractive is a spontaneous one, in the 
present paper we consider the spontaneous breaking of conformal symmetry and 
illustrate the mechanism of introducing a massive vector field into the theory. 

As for the spontaneous symmetry breaking, the approach of nonlinear realization 
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has been demonstrated a natural, economical and elegant framework for treating it. 
This method has been applied to a wide range of physical problems most notably in 
the form of nonlinear sigma models, supersymmetry and brane theories [7]. There, 
the Lagrangian is invariant with respect to the transformations of some continuous 
group G, but the ground state is not an invariant of G but only of some subgroup 
if [8]. In this context, the resulting phenomenological Lagrangian becomes an ef- 
fective theory at energies far below the scale of spontaneous symmetry breaking. 
If one takes the Lorentz group as the stability group if, the conformal symmetry 
can then be globally spontaneously broken down through the approach of nonlinear 
realization. Consequently, the effective action is expressed in terms of the dynamics 
of a Nambu-Goldstone field, i.e. the dilaton [9, 10]. 

Alternatively, the conformal symmetry can also be spontaneously broken down 
locally. In particle physics, it is well known that the compensating gauge field need 
be introduced for the local gauge invariance of the theory. It is our purpose of this 
paper to point out a viable original of the massive cosmological vector field, as well 
as to give a natural explanation of this vector field at both theoretical and phe- 
nomenological levels. It is shown that the vector field behaves as the compensating 
field resulting from the spontaneous breaking of local conformal invariance. Fur- 
thermore, due to the Higgs mechanism, the vector field absorbs the dilaton particle 
and becomes massive. However, it has an independent mass scale. As a result, the 
massive vector particle is taken as the source of the dark energy, composing the 
cosmological gas and driving the universes accelerated expansion. Its mass scale is 
fixed by the cosmological observation. 

The paper is organized as follows. In section 2, we start by giving a brief re- 
view of the relevant spontaneous breaking of the global conformal symmetry. The 
effective action is shown to have a very natural interpretation in terms of Goldstone 
particles for broken symmetries. In section 3, we generalize the nonlinear realization 
approach to the spontaneous breaking of the local conformal symmetry. In order to 
conform to the covariant transformations of the local Maurer-Cartan one-forms, the 
compensating gauge fields are introduced. Their transformations are then derived 
accordingly. In section 4, the effective action of the theory is constructed. By using 
the fact that the inhomogeneous transformations of the Nambu-Goldstone fields are 
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spacetime dependent, we have the degree of freedom of fixing the gauge. It is shown, 
under the unitary gauge, the NG fields are transformed away and the effective ac- 
tion is reformulated into a vector-tensor theory. Besides, it is prominent to note 
that the resulting massive vector field has an independent energy scale, which is 
not determined by the conformal symmetry breaking scale. In section 5, the phe- 
nomenological consequences of the vector field are discussed. The massive vector 
field is regarded as the candidate of dark energy, permeating all of space. For the 
Maxwell type vector theory, its mass is found to be associated with the exponential 
evolution of the scale factor which enters in a de Sitter expansion phase under certain 
conditions. In addition, we further our discussions by pointing out the possibility 
that the Lorentz invariance violation may be triggered by the spontaneous breaking 
of conformal invariance. We hope this work may also shed light on the mechanism 
of the underline theories related to Lorentz violation due to the presence of a vector 
field. 



The global conformal symmetry breaking was discussed in [9, 10]. Here, before 
considering the case of local conformal symmetry breaking, for completeness we give 
a brief illustration about the dynamics resulting from its global symmetry breaking. 
The conformal group G includes Poincare group as its subgroup along with the 
conformal boosts and dilatation symmetries. Its Lie algebra has the form 



in which r}^^ — (-|-, — , — , — , — ). Choose the Lorentz group as the stability group 
H. It follows that the conformal symmetry can be spontaneously broken down to 
the /5'0(1,3) symmetry through the nonhnear reahzation approach. The Coset 
representative elements 



2. Global Conformal Symmetry Breaking 



[P^, D] = tP„ [Kp, D] = -tKp, [Mp,, D] = 
[Pp,K,]^2i{rip,D-Mp,) 



(1) 



n - G/H 



(2) 
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can be parameterized as 

where parameterize 1 + 3 spacetime coordinates, and correspond to the 

Nambu-Goldstone (NG) fields associated with the broken generators D and K^. 
The effective action describing the dynamics of these NG fields can be constructed 
from the Maurer-Cartan one-forms Q''^dQ, which can be expanded with respect to 
the generators of the conformal group as 



^ie-'t'dx^P^ + (i# - ie~^2(t)>'dx^)D + ie-'^2(/)^dx'^M^^+ 
{ie-'^2(l)i,dxy - ie-^(t)^(t)^dx'' + idcf)'' - id(j)(i)'')K^ (4) 

The covariant coordinate differentials are found to be 

= e.^dx'^ = e-'I'dx" (5) 

in which ej* = e~'^5J^ is the vierbein. And the covariant derivative of the boost 
vector field 0'* is given by the one-forms 

=a;^(20,0^ - r'<t>^.'Sii + ef'd^r - et>d,4>r) (6) 
Hence the potential term of the dilaton field is written as 

Si = j (iSdete = j d^xe-^'^ (7) 
By using Eq.(6), it follows that the kinetic term of the dilaton field has the form 

J d^xdeieD^(t>i' ^^J (8) 
Besides, the role of connection is played by the one-forms o;^^ in Eq.(4), i.e. 

cu';;^ = dxPiu';;^^ = e-^2(l)''dx^' = cix^2e-*5/0^ (9) 

namely, 

= 2e-\^cl>^ (10) 
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Therefore the effective action of the scalar field $ coupling to the dilaton can be 
written as 

J c^^xdete77<^V''e^''^(5M + ^^X(^«/?))^(^- + ^^M.(^a/3))* 

= J d'^xri^^'e-^^df.^d^^ (11) 

For the case of fermion field, the effective action can be derived in a similar approach, 
with Ma/s replaced by the corresponding representation of the fermion field for the 
Lorentz group instead. 



3. Local Conformal Symmetry Breaking 



Consider the global left action of the full group elements g on the Coset elements 
Eq.(3). The result can be uniquely decomposed as the product of the new Coset 
elements fl' and the stability group elements h, i.e. 

gil = n'h (12) 

in which the parameters of the full group elements 

are spacetime independent. 

As a result, the transformations of the Cartan one-forms can be derived 

Q'-^dQ' ={hn-^g-^)d{gnh-^) 

^h{n-^dn)h~^ + hdh~^ (14) 

or namely 

iuj\x') = hiu{x)h-^ + hdh'^ (15) 

Therefore, u^, ood and u^, transform covariantly under the action of Eq.(12), whereas 
oj'^ transforms by a shift hdh^^ as required by the connection. On the other hand, 
the spontaneous breaking of the symmetry group can be spactetime dependent 
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[11,12,13]. In the present context, the transformation of Eq.(13) becomes a local 
one, i.e. 

in which the parameters of the group elements g become spacetime dependent. 
Accordingly, the Cartan one-forms transform as 

n'-^dn' ={hQ-^g-\x))d{g{x)Qh-^) 

^hn-\g-\x)dg{x))nh-^ + h{n-^dn)h-^ + hdh-^ 

y^h{Q-^dQ)h-^ + hdh-^ (17) 

Introducing the compensating one- forms into Eq.(4), one has 

Q.-^dn^Vt-^{d + iE)n (18) 

Under the action of Eqs. (12,16), it follows that the (local) Cartan one-forms trans- 
form covariantly 

Q.-\d + iE)VL -^Q'-\d + iE')Q' 

^h{fl-\d + iE)fl)h-^ + hdh-^ (19) 

It therefore leads to the infinitesimal transformations of the compensating one- forms 

E' - g{x)Eg{x)-' - ig{x)dg{x)-' (20) 

In terms of its expanding 

E = E'^P^ + Ad + B'^Km + m"^"M^„ (21) 

the transformations of its components are found to be 

^/m ^ 2E^,e'^''^{x) + E™c(a;) - Aa'^{x) + 2a„(a;)m"^'^ - daJ^^x) 

i' =i + 2E"'bm{x) - 2a"'{x)Bm - dc{x) 
^/m ^^m ^ ifii^^-^A + 2r"^(x)S„ + 26„(x)m"^" - c{x)B'^ - d6"^(x)e-"(^) 
^imn ^^mn _ 2E'^U'{x) + 2a"'{x)B" - "\x)m"^, - e""''{x)m;} 

+ 9J{x)m''''' + eZ\x)m''''' - dO'^'^ix) (22) 
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Considering Eq.(18), the expansion of local Cartan one- forms can be written as 

n-\d + iE)n = icu'^Prn + iuoD + iu'^Km + iuZ^'Mmn (23) 
Estimating Eq. (23) with the use of the translated form of E 

E = e'^^'^^Ee-'''''^^ (24) 

gives 

u"" ^dx^'e-^iE^ + = dx^'e^ 

COD ^dx>'{-2E^(t>me~^ + + d^(t> - 2e-'^0^57) = dxi^ujo,, 

uj^ =dx''{2<t>"'(t>nE^e-* - 0„0"E ™e-'^ - ct>^A, + 5^"^e^ + 20,m;*'"+ 

- + 2e-V'"0n5;* - e-Un^sp 

-dx^^^^ 

uf^ =dx^ (20"E7e-'^ + m;"" + 2e-'^0"5;") = dx^'uf^^ (25) 



where the Latin indices 171,11, ... represent the local Lorentz indices, and the Greek 
indices /i, v, ... represent the general coordinate indices. According to Eq.(19), their 
infinitesimal transformation laws are found to be 



Im 



, .nj m. t 



I —, ^'^T 



k n 

ab T m T n 



=<L:^K - dX-'^ix) (26) 
In terms of their components, Eq.(26) can be reexpressed as 

/ m _ dx" J ^ n. , ,1 _ , , ., ,im _ 9x , , 

along with the inhomogeneous transformations of the spin connection 

^Zl = ^(^M.^rV - dA--{x)) (28) 

in which LJ" is the spacetime dependent matrix related to the local Lorentz trans- 
formation h, which is parameterized as h = e^^^"^^^^'^" , and X^'^{x) is a function of 
spacetime determined by the relation of Eq.(12). 
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4. Effective Actions 



The transformation properties of these Cartan one-forms are secured by the 
transformations (19), and this, in conjunction with the requirement that the phe- 
nomenological Lagrangian be invariant under these transformations, describes the 
underhne theory whose symmetry structure becomes a dynamical type. In fact, 
the effective actions, which are locally conformal invariant, can be constructed by 
using the building blocks of the one-forms Eqs. (27,28) as well as their covariant 
derivatives. Therefore, the rank two metric tensor g^^i, is given by 

fl'/ui/ — Vmn^fj, (29) 

according to Eq.(27) it transforms as 

y —'Imnc- c- J, —'ImriQ^fn^a ^2;"' ' 

dx'^ dx"' ^ „/ dx'^ dx^' , , 

And the vierbein has an explicit form 

C = e-^^;- + 5 -) (31) 

The metric tensor g^^ and its inverse g^^ are used to raise and lower indices on world 
tensors. The covariant derivative of the local Lorentz tensor T\ is defined as 

= dJT\ - u;^,,T: + ul,^^T\ (32) 

in which the spin connection a;^^, is given by Eq.(25), whereas the covariant deriva- 
tive of mixed tensor T,,"* takes the form 

v.r^'" = a.T^- - r,\T,™ + ^-.n V (33) 

The local Lorentz tensor T™" is transcribed into a world tensor T"^^ by means of 
the inverse of vierbein in the usual way, i.e. T"**^ = e~^^T"*", and vice versa. And 
the affine connection is given by 



= e-i„^9,e; + e-V^^''^,na> (34) 
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which can be derived from the requirement that the covariant derivative of the 
vierbein vanishes 



V i^e^ —<Jv(in i i^^e^ -I- UJMvn^iJL 



(35) 



Reinterpreting Eq.(35) in terms of the metric tensor g^^ , one finds 

V,g^^ = = a,^'^'^ + K.g^'' + (36) 
This, in conjunction with the torsion free condition 

=0 (37) 
leads to the solution for the affine connection 

= ^9^"{d^gua + dug,,a - dagt^u) (38) 
It follows that the rank four Riemann curvature tensor can be written as 

By means of contracting the Riemann curvature tensor, the associated Ricci tensor 
is defined as 

RlJiv = R\a (40) 

whereas the curvature scalar 

R = g'^'R^.u (41) 

is defined as the trace of Ricci tensor. By using the affine connection F^^, the 
covariant derivative of the one- forms u!D^l is written as 

V^a;i3^ = d^^UDu. - Kn^Da (42) 

Considering Eqs. (27,30), the quadratic term for one-forms ludu is locally conformal 
invariant 

^^^,u;^a;^M2 = ^c^z^^c^^M^ (43) 
10 



this will lead to the mass term of the vector field after fixing the gauge of the 
conformal transformations. Besides, the kinetic terms of cudu containing no higher 
than second derivatives have the form 

-l^.u;n,Vau;Dp{g''''g^^ - g'^g^ (44) 

as well as 

V.u;D^V"a;^ (45) 

Explicitly, both of them are locally conformal transformation invariant. 
Since the vierbein transforms as e' 



/ m 


Br" 
















^dx'" 



d^x' det e' =d'^x det I — — I det I — — I det e det L„"* 

^d'^x det e det LJ" = d'^x det e (46) 

This, along with Eqs. (41-45), leads to the general locally conformal invariant effec- 
tive action, which takes the form 

1 = j d^x det e( - \v,ujD,NaUJD0{g'"'g^^ - g'^gn + ^V^cu^^V^^^ 

+ I^^^^^dM^Y^^ + Ci^D,,uj'i)R + t^ud^.udvR"") (47) 

The action (47) is locally conformal transformation invariant, whereas upon mak- 
ing the gauge choice, Eq.(47) can be further simplified and it becomes feasible to 
identity the remaining of e^^ as the physical vierbein field, and the remaining of 
oj^j, as the physical spin connection. It can be seen that the local conformal gauge 
invariance of the action prevents the Goldstone field from making an explicit ap- 
pearance, and thereafter the action will become locally invariant under the linearly 
realized stability subgroup H . We will work on the unitary gauge. Consider the 
transformations of the Nambu-Goldstone fields given by Eq.(12), i.e. 

gVt = Vt'h (12) 

By using Eqs. (3, 16), it becomes 

^^ix'i'Pi, ^i4>' {x')D ^i<t>'t' {x')K^ giA''^- (x')M^, 
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Applying the variation of the full group elements g 

6g = i{a^{x)p^ + c{x)D + lf{x)K^, + e>"'{x)M^,^) (49) 
to Eq.(48) gives us 

(1 + 5g)n ={n + 5n) (1 + 5h) (50) 

it further becomes 

Q.-^5gn - n-^6n = 6h (51) 

Then one can find 

Q-H{a^{x)p^ + c{x)D + b^'{x)K^ + e'"'{x)M^^)n 
-Q-^6Q = iX^"'{x)M^^ (52) 

The infinitesimal general coordinate transformation as well as these of the Nambu- 

Goldstone fields can be derived up to the first order by comparing the coefficients 
of the generators from each side of Eq.(52). As shown below, the general coordinate 
transformation is 

dxf" = af'ix) + xf'cix) + 2x ■ b{x)x'' - x%^{x) + 2e''^'{x)x^ (53) 
and the Nambu-Goldstone fields transform as 
54) ^c{x) + 2x^bfj,{x) + ... 

5(1)^ ^bi'{x)e't' - 2(/)%6''(x) + 20 • b{x)xi' + ... (54) 

Here, Scf) etc are the total variation of the fields, i.e. Scf) — (t>\x') — (f){x), and the 
intrinsic variation of the these fields is defined as 5in(f) — (f>'{x') — (f){x') — 54) — 
{(pix') - (f){x)) ^ 5(j) - 5x^d^{(f){x') — (f){x)). The broken generators D and K'^ 
give rise to an inhomogeneous and nonlinear transformation law for the Goldstone 
field (f) and and these inhomogeneous terms become functions of spacetime and 
signal the spontaneous breaking of the conformal symmetry. A further choice of the 
transformations of the fields and (p^ corresponds to a gauge choice that leaves the 
Lorentz group as a residual gauge freedom. Choosing the unitary gauge [12,13,14], 
i.e. 0^0' = 0,0'' (j)'" = 0, one then has 

n^n' = e""'^^ (55) 
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Moreover, Eq.(25) becomes 



a;7 =dx''B'- = dx''u:% 

u'Z" =(ix'^m' ™" = dx'^uj'Zl (56) 

Since the NG fields have been transformed away by fixing the gauge, the theory 
is no longer conformal but rather local Lorentz gauge invariant. For the sake of 
simplicity, we drop the prime in what follows of this paper. Therefore, the effective 
action of Eq.(47) is then converted to a vector-tensor theory 

I=Jd^x det e( - ^V,A,VaAf,{g''^g^^ - g^^g^ + eV,A^V^A^+ 
^A.Af^M' + + ^A.A^R + r)A,A,Rn 

= J d'^x det e{~F^,F,,g'''^g'"' + eV,A^V'' A'' + ^A^A''M^ 

^ R + ^A^A''R + 7]A^A,R^''') (57) 
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where the field strength F^^, = V^A^, — V^A^ = d^A^, — d^A^, and the non- minimal 
coupling of the vector field to the Ricci scalar and to the Ricci tensor are descried 
by parameters ^ and r] respectively. As a result of the Higgs Mechanism [15], the 
gauge field A^ corresponding to the broken generator D of the symmetry group 
absorbs the dilaton and acquires a third polarization and a mass. However, it is 
prominent to note that the vector field has an independent energy scale, which is 
totally different from the case of spontaneous symmetry breaking in the standard 
model of particle physics. There, the mass of the massive fields is determined by 
the symmetry breaking scale instead. In the present context, the effective action 
describes a scenario that the vector field does not decouple at certain energy scale, 
and it is included as a dynamical degree of freedom in the action accounting for the 
removal of the Nambu-Goldstone boson from the spectrum. Its mass scale can be 
constrained from observational data of the cosmology. 



5. Dark Energy Candidate 
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The presence of a positive cosmological constant in the universe indicates that 
there is a fundamental mass scale existing in nature [16]. As dark energy candidate, 
the mass scale of the massive vector like field, which is non-minimally coupled to 
the gravitational field, can be interrelated to this fundamental energy scale. The 
general equation of motion of the vector field can be derived from Eq. (57) as 

V^F'^'' + 2£V^V^A'' - Ai^M^ - 2^A^R - 2r]A''R'^ = (58) 

Taking different values for the parameters would lead to different physical models 
[2,17]. Because the dynamics of vectors known to occur in nature are described by a 
Maxwell term, therefore, for the Maxwell type vector theory, the equation of motion 
(58) can be converted to the following form after using the relation [V^, V,^]^" = 
R^Pij^^A^ and setting the parameter e to zero 

V^V^A'^ - V^V^A" + A^'M^ + 2^A^'R + (1 + 2ri)A''Ri^ = (59) 

Hence, the Proca type vector field, being taken as dark energy which related to 
the accelerated expansion of the universe, interacts only with the gravitational field 
and has no standard matter interactions. Accordingly, its mass scale would be 
intertwined with large distance scale effects of the universe through the Friedmann 
Equation after one applies the equation of motion of this massive cosmological vector 
field to cosmology. Specifically, for a homogeneous and isotropic universe, one can 
assume the smoothly distributed vector field 

A" ^ {A{t), 0,0,0) (60) 

to be a function of time with only one non-zero time component. Adopting the 

Robertson Walker metric g^u = (1, —(i{t), —a{t), —a{t)) gives us 

ds"" ^ - a\t){dx^ + dy"" + dz^) (61) 

for the invariant interval. By using Eqs. (60,61), the equation of motion of 74'^(Eq.(59)) 
leads to the evolution equation for the scale factor a{t) 

'a a} , , 

(16C + 877)- + 16e- = ^ (62) 

(X Qi o 

In the limit of large a, it can be shown [2] 

a = ex-p[H{t - to)] (63) 
14 



M2 

where the Rubber parameter H = r) 2 is related to the mass of the vector 

particle. Hence, due to the presence of the massive cosmological vector particle, the 
Friedmann equation gives us a scenario of an inflate universe. From Eq.(63) one 
can conclude that it actually describes an expansion of the universe in a de Sitter 
type exponentially accelerating phase. The mass of the cosmological massive vector 
particle which may represent the main component of the universe plays the role of 
cosmological constant. By means of the relation if oc {—)^ and comparing it with 
the cosmological observation, one can estimate the mass scale of this Proca field to 
be of the order of O(10"^^)g [2]. 

Alternatively, consider a local Lorentz invariant quartic term 

\KA,A'f (64) 

which is added to the effective action (57), where A is the coupling constant. If the 
quadratic term has a wrong sign squared mass 

-\A^A>'M'^ (65) 

then the Lorentz symmetry would be spontaneously broken down [18]. Explicitly, 
the potential V = -\{Af,A>'f - XA^^A^M"^ is found to have a minimum when the 
vector field satisfies the condition A^j^A^ — . Therefore, the non-zero vacuum 
expectation value of the vector field A^ signals the spontaneous breaking of the 
Lorentz symmetry, and this Lorentz violating vector would play an important role 
in the dynamics of the cosmological models. Some effects of Lorentz violation due to 
a vector field on the inflationary scenario arc presented in [19] . In this present paper 
we have shown that the spontaneous breaking of the local conformal symmetry 
may also trigger the spontaneous breaking of the local Lorentz invariance. And 
the massive vector field offers an alternative to dark energy and is found to have 
a cosmological role. The impact of its phenomenological consequences on physics 
should be broad and need further exploration. 
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